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The de Gennes model is used to derive the energy of interacting dislocations in smectic-4
liquid crystals. This energy reduces to the energy of interacting vortices in type-II supercon-
ductors when the splay elastic constant K| is zero and to that derived from the Landau-
Peierls elastic energy when spatial variations are slow on a scale of the bend and twist
penetration depths. Furthermore, it has a well-defined K| — « limit. The dislocation ener-
gy is used to study the nematic—to—smectic-A4 transition as a function of X, in two dimen-
sions and in 4—e€ dimensions. No evidence for the Nelson-Toner, anisotropic critical point

is found in either case.

I. INTRODUCTION

Topological excitations such as vortices and dislo-
cations are known to play an important role in two-
dimensional systems.! In particular, they are re-
sponsible for the Kosterlitz-Thouless transitions in
superfluids,® for dislocation melting and hexatic
phases® in two-dimensional solids, and for similar
phenomena in a variety of other systems. In addi-
tion, they lead to quasi—Kosterlitz-Thouless transi-
tions in dirty superconducting* films with linear di-
mensions L much less than the effective penetration
depth A. In cleaner superconductors and in two-
dimensional smectics, topological excitations are ex-
pected to wash out phase transitions altogether.

Recently, the role of topological excitations in
three-dimensional systems, particularly smectic
liquid crystals’~7 and superconductors,® has re-
ceived greater attention. Helfrich® has argued that
if the energy per unit length € of a dislocation line is
finite, then both the energy and entropy of a single
large dislocation loop will be proportional to its
length L. Thus a phase transition should occur
when e=Ts, where s is the entropy per unit length
and T is the temperature. Following these ideas,
Nelson and Toner® have studied dislocation melting
of a smectic-4A liquid crystal starting from the
Landau-Peierls® elastic energy for a system with
one-dimensional mass-density waves. They showed
that a smectic-4 liquid crystal with a large and uni-
form density of dislocation lines behaves like nemat-
ic liquid crystal and suggested that the
nematic—to—smectic-4 transition can be described
by dislocation melting of the smectic phase. They
argued that this mechanism would lead to a aniso-
tropic critical point with correlation-length ex-
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ponents satisfying v;=2v,. Dasgupta and Halperin®
have used a Villain form'® similar to those studied
by others!! for a matter-lattice gauge theory describ-
ing type-II superconductors in three dimensions.
They conclude from the model that the supercon-
ducting transition in three dimensions can be second
order with xy exponents but inverted amplitudes,
even though calculations based on the € expansion'?
indicated a probable first-order transition. Finally,
Toner’ has formulated a soft-spin version of the
Landau-Peierls dislocation Hamiltonian which he
studied in an € expansion. He found that this gen-
eralized model has a fixed point in 4—¢e dimensions
with “inverted” xy exponents.

The de Gennes model'? provides a phenomenolog-
ical Hamiltonian for studying the
nematic—to—smectic-4 (NA) transition. This model
established a strong analogy between smectic-4
liquid crystals and superconductors and reduces to
the Landau-Ginzburg model'* for superconductors
when the splay elastic constant K, is zero. The
dislocation!®> models of smectic-4 liquid crystals and
superconductors studied to date do not make evident
that connection between the two systems. A pri-
mary purpose of this paper is to derive a dislocation
Hamiltonian for the smectic-4 phase from the de
Gennes free energy and to establish in detail the
connection between dislocations in liquid crystals
and vortices in superconductors. The dislocation
Hamiltonian we derive will reduce to the supercon-
ducting vortex Hamiltonian when K;=0 and will
agree with the Landau-Peierls dislocation Hamil-
tonian for length scales large compared to penetra-
tion depths associated with twist and bend.

The elastic constant K; plays an important
role!®= 18 in determining the universality class of the
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NA transition. To all orders in perturbation theory
one can show that the renormalization-group fixed
point for the NA transition must satisfy (i) K; =0,
(ii) K| = o0, or (iii) v||=(5—d)v,, where d is the spa-
tial dimensionality. Furthermore, the fixed point at
K, =0 is stable and has the symmetry of the super-
conducting fixed point. Possible renormalization-
group flows along K, are shown in Fig. 1. Within
the € and 1/n expansions'>!”!8 for a generalized de
Gennes model with an (n/2)—complex-component
order parameter, the only accessible fixed points are
those with K; =0 and K| = o, the former being iso-
tropic (v;=v,) and the latter anisotropic (v||>v,).
The flow along the positive K; line is that shown in
Fig. 1(a). There are fixed points satisfying
v|=(5—d)v, in unphysical regions of the potential
space in the € expansion. Thus the € and 1/n expan-
sions provide no evidence for the Nelson-Toner

e - —g}- X
(a)

(c)

(d)
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(e)

FIG. 1. Possible renormalization-group flows along the
positive K axis. Flow (a) with fixed points at K, =0 and
oo corresponds to the flow found to first order in e=4—d
and for all 2<d <4 to first order in a 1/n expansion.
Other possible flows are represented in (b)—(e). All fixed
points with 0 <K < o are anisotropic with v =(5—d,
(v)j=2v, in three dimensions). Such fixed points exist in
the € expansion but with negative or complex values of
(K /K3)'”2. Flow (c) corresponds to the most likely flow
for the Nelson-Toner dislocation melting transition in
three dimensions if it exists. Note that for this flow, there
are two possible stable fixed points depending on the value
of K,. For K, <K, the transition is isotropic, whereas
for K| > K| it is anisotropic. Flow (e) shows the possibili-
ty, which we cannot rule out, of a line of critical points
depending on K, all with vj=(5—d)v,.

v|=2v, transition in three dimensions. Since the
Dasgupta-Halperin calculations provide strong evi-
dence for a second-order transition in three dimen-
sions when K;=0, it is of some interest to study
dislocation melting theories as a function of K, in
the hope of providing evidence for the Nelson-Toner
fixed point.

In this paper, we will study dislocation melting
theories for the NA transition for d =2 and d =4—¢
where there are well-controlled approximations. For
d =2, we find that there is no NA transitions except
at T =0 for K| < « in agreement with previous cal-
culations.*!® For K| = w0, there is an NA transition
in the same universality class as the Kosterlitz-
Thouless!? xy transition. For K| < oo, but for sam-
ples with linear dimensions smaller than some
characteristic length there is a quasi—Kosterlitz-
Thouless transition as in dirty superconductors.* In
4 —¢€ dimensions, we find an isotropic inverted xy
fixed point with K;=0 in agreement with Toner.’
We also find an anisotropic fixed point with K| = o
for the generalized n-component model that is iden-
tical to the K; = oo fixed point!” for the original de
Gennes model. Thus in both two and 4—e€ dimen-
sions there is no evidence for a v, =(5—d)v, fixed
point. Clearly, more effort must be devoted to
studying the physical case n =2, d =3.

II. ELASTICITY THEORIES

In order to present the various lengths that are
relevant to the discussion of dislocations in smectics,
we will begin our discussion with the complete de
Gennes model.'> The order parameter for the
smectic-4 phase is the complex amplitude ¥ of a
mass-density wave at wave number gy =2/, where
I is the layer spacing. The Frank director f(X) at
position X is uniform in equilibrium with value .
Deviations from equilibrium are expressed in terms

of
du(X)=n(X)—1,. (2.1)

Since T(X) is a unit vector, 8R(X)-Hy=0 to lowest
order in 61i. The de Gennes free energy in terms of
¥ and 61 is

F0= fddx[a |¢|2+C|| | ﬁulﬁlz
+C, | (V, —igosT)y | 2
+5b|9|4, (2.2)

where d is the dimensionality of space and || and 1
refer to directions parallel and perpendicular to .
The total free energy F for the smectic liquid crystal
includes the Frank free energy Fy for the director
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F=F,+Fp,
1 . . 2.3
Fr=7 [ dx{K\(V-EP+K, (0 VX )

+K[BX(VXT),

where for simplicity we have expressed Fr in three
dimensions. Choosing 1, to be along the 1 axis and
the wave number g to be in the 1-2 plane, we can
express Fr to lowest order in 81 in arbitrary dimen-
sion d as

d? R
FF=% f (z—ﬂq);[(Klq§+K3q%)|5n2[2

+(K2q3+Ksg}) |85, 2], (24

where 81, is the projection of 6n onto the (d —2)-
dimensional subspace perpendicular to the 1-2 plane;
61,=0 for d =2, and 8n,=8n; for d =3.

The free energy defined in Egs. (2.2) and (2.3) is
highly anisotropic with many different lengths.
There are two correlation lengths §||=(C|I/a)” 2
and £ =(C,/a)'/?, and six penetration depths
Ai=(K;/qoC) | ¥|9'* and X;=(K;/qoC, ||/
for i =1,2,3. Our discussion can be greatly simpli-
fied by removing some anisotropy by a volume-
preserving scale transformation

x||—+(C[|/Cl)“/2)”"/d)x!| ,
x;—(C /C)~ ¥, (2.5)
81 —(C) /C,)' 61,
which makes Fj, isotropic,
Fp= [ d%[a|¢|*+C|(V+igodi)y |2
+3b ¢4, (2.6)

where C=(C), )1/4(C|)' =174, The transformations
of Eq. (2.5) leave the form of the Frank free energy
invariant but renormalize the elastic constants via

Ky ,—(C/C K, , ,
K3——>(C”/Cl)_(1"2/d)K3 :

(2.7)

with these changes, we only have one correlation
length,

E=(C/a)'? (2.8)
in mean-field theory and three penetration depths,

A(K; /B, i=1,2,3 (2.9
where

B=qiC|y|2. (2.10)

A, and A; represent the real penetration depths of

twist and bend into the smectic phase. A;, on the
other hand, establishes the length scale associated
with director splay in the smectic phase. It is clear
that the de Gennes model reduces to the Landau-
Ginzburg model for an isotropic superconductor in
the limit K;—0 and K, =K3, in which case there is
only a single London penetration depth A.

In the ordered phase, we can replace ¢ by
|| e, The scale of spatial variations in ¥ is set
by & Thus for spatial variations that are slow on

this scale, we can write
F=F}+Fg+const ,
AR @.11)
Fp= [ d%[+B(Vu—57)] .

The Landau-Peierls elastic energy for a one-
dimensional solid follows from Eq. (2.11) by allow-
ing 81 to seek a value which minimizes F. We find

. u(q)
dny(q) = —igy —— 1 —— |
B+K,q3+Ksq;

(2.12)
on,(q)=0,
and
di | 1| ., (Mad+Aighgi
Fy= 7|28 |+ 22,22
(2m) 1+Ajgs +A5q7
X |u(q)|? (2.13)

This equation describes the energy associated with
variations in ¥ when g§<1. If we now consider
variations which are slow on a scale of A; and A; as
well, we obtain the Landau-Peierls free energy

Fip=7 [d%[B(Vul+K,(Vu?]. (2.14)

The neglect of spatial variations of &n, is also valid
in this limit.

III. DISLOCATIONS

Dislocations are isolated points (in two dimen-
sions) or lines (in three dimensions) where the order
parameter ¥ is zero and where the phase gou ceases
to have meaning. Nevertheless, ¥ must be single
valued along any closed path I' enclosing the dislo-
cation. This limit changes in the phase gou in a
complete circuit around I' to integral multiples of
27r. Thus setting V= Vu, we have

gir"v‘-ﬁ:zvm /qo=ml , 3.1)

where m is an integer and ds is the differential of
length along I'. If there are many dislocations, we
can introduce a source function m(X) in the usual
way. In two dimensions, dislocations of strength
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m, are located at points X,, and we have

M(R)= 3 meed X —%,) (3.2)
a

where €; is the unit normal to the plane. In three
dimensions, there are dislocation curves R(s) form-
ing closed loops or terminating at boundaries, and
we have

ax=3 [

where 8% is the two-dimensional & function in the
plane normal to dR,(s)/ds. Expressing the right-
and left-hand sides of Eq. (3.1) in terms of an in-
tegral over the covering surface 2 of ', we obtain

Vxv=Imz) . (3.4)

In smectic-4 liquid crystals, that nature of the
dislocation depends on the orientation of m relative
to Ty. If m is parallel to T, there is a screw disloca-
tion, whereas if m is perpendicular to T, there is an
edge dislocation. For m pointing in an intermediate
direction, the dislocation is neither pure screw nor
pure edge. As we shall see shortly, the energies as-
sociated with edge and screw dislocations are dif-
ferent essentially because K, is nonzero. In two di-
mensions, it is obvious that there are only edge
dislocations. In superconductors, the nature of vor-
tices does not change with the direction of m.

In the Appendix, we use Eq. (2.11) to calculate
the energy of interacting dislocations. We find

Ego.= % fddxddX'm,'(x)Uij(x"x’)mj(x’)

—

Ra sz _R (3.3
—ESUR—Ry(shds, 3

+ECO]’C ’ (3-5)

where E. is the core energy arising from changes
in ¢ within a distance & from the dislocation and
where

d
_ [ 9% ig-
Ux)= [ S L Uy(ee (3.6)
with
K(g2/9\)*+K
Uy(q)=I"B AL AL E
[Ki(q2/91)"+K3]g°+B
1 K1q3+K;q1 .
¢* (Kpqi+Kqgh+B 7
=U,eqe+ Useyiey; (3.7)
where
L Hexd
t— iR — )
| oXq |
- (3.8)
. qXxe;
1=
| g€ |

Note that in two dimensions, both 1, and d are in
the plane so that €,=¢; and only the first term of
Eq. (3.7) is relevant. U, describes energies of edge
dislocations as can be seen by taking m to be perpen-
dicular to ®, Similarly, U, describes energies of
screw dislocations as can be seen by taking m paral-
lel to Ty. It is clear that intermediate directions of
m will yield contributions from both terms.

Equations (3.5—(3.7) have several interesting
features. First, when K;—0 and K, =K3;=K, they
reduce to the equations for the energy of interacting
vortices in type-II superconductors. It is worth re-
calling that in this case, there is a self-energy per
unit length ¢€,, for a single vortex arising from the
potential of Eq. (3.7),

2
ev~%ln(k2/§2), A>SE. (3.9)

Thus for A >>£, the energy per unit length of a vor-
tex is dominated by the energy stored in the region
within A of the core. Second, the edge energy U, is
identical to that calculated using the Landau-Peierls
free energy, provided that only the dominant
momentum terms are kept. This implies setting
K;=0 and replacing g2 by g3 in Eq. 3.7). U, is,
however, more general than that obtained from the
Landau-Peierls theory. We leave it as an exercise to
the reader to derive U, from the generalized
Landau-Peierls energy of Eq. (2.13). In particular, it
is valid for A, and/or A;— . In these cases the
dislocations are no longer screened and U,—BI*/q".
Finally, the energy per unit length €, for a screw
dislocation with K; =0 is identical to that for a vor-
tex in a superconductor [Eq. (3.9)] with A replaced
by A,. Thus if one considers the core of a screw
dislocation to extend out to a radius of A, rather
than &, one could say that all of the energy is in the
core. This is consistent with the fact that there is no
energy stored in the strain field Vu for a screw
dislocation® if the Landau-Peierls elastic energy is
used.

IV. PHASE TRANSITIONS

A. d=2
In two dimensions, only edge dislocations survive.
U,(X) can be calculated from Egs. (3.6) and (3.7)
when A | X | >>1, where A is a cutoff of order £~ .
The form of U,(X) depends on the magnitude of X
compared to the penetration depths A; and A;. For
small X, we find

2
Upg(®)=— Zin( |3 |2/73)
41

2

X1 X%
for —+—5 «1 (4.1)
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where
A=2(A;+1;5) 4.2)
and
a1 2h+A)
Il 7
)~3 (Aj+A3)
- (4.3)
12'—')\..

Thus U, is logarithmic and isotropic in X for X
within the ellipse defined in Egs. (4.1) and (4.3).
Samples whose spatial extent lies within this ellipse
will exhibit a quasi—Kosterlitz-Thouless transition
as in a dirty superconductor.* When A, and/or
A3— oo, there will always be a Kosterlitz-Thouless
transition. Note, however, that the ellipse becomes
highly anisotropic if A,, rather than A;, becomes in-
finite.

For a large X, the form of U,(X) depends on the
angle X makes within the 1 axis. In region II of Fig.
2, U,(X) has the form

Ay
m|xy |

172 2

X2

(M_ 1 pj2 _ -
Ue'=3Bl 4 [ x|

exp [—

(4.4)

discussed by Toner and Nelson.”® In region III,
U.(X) dies off exponentially with distance with a
characteristic length depending on A; and A;. In
both regions II and III, the bare vortex interaction is
screened, and there is no phase transition except at
T =0. Thus the nature of the NA transition in two
dimensions depends on A;=(K,/B)'/?, but there is
no evidence of a v=(5—d)v, transition for any
value of K.

1
——f—‘l—A( ) EB-+——~K( ) ] e+
+ [d% |ro| W2 ) |q/| UV +irAW 2|,
where
K,(@)=K.q5/q}+K;3 , @6
K.(9)=K,q}/9:+K3q} /4%,
and
2 k T —-172
LT LR 47

90

Note the appearance to an effective couplmg con-
stant A3B which is proportional to g5 2, reflecting
the nature of the duality transformation.

LA S P
B "k ]e"e"

vl

2

FIG. 2. Regions where asymptotic forms for U,(x,,x;)
apply. In region I, U, diverges logarithmically as
| X | —0; in region II it dies off as | X | =72 [cf. Eq. (4.4)],
and in region III, it dies off exponentially.

B. Soft-spin models near d =4

In the Appendix, we review the steps that lead
from a free energy for interacting dislocation loops
to a Villain-type field theory. The reduced Hamil-
tonian for the soft-spin model generalized to an
(n /2)—complex-component order parameter ¥ is
then

4;(—q)

(4.5)

r

Since W is related to the dual variables of the
dislocation loops, disorder (order) in ¥ corresponds
to order (disorder) in the original order parameter .
Thus any critical points in this model will have in-
verted amplitudes. We now consider the various
fixed points of the Hamiltonian (4.5) in 4 —e€ dimen-
sions. The fixed points depend on the values of the
elastic constants. .

(1) All K; finite. In this case, A is an irrelevant
variable and can be integrated out leaving an effec-
tive Hamiltonian with n-vector symmetry. Thus
there is a second-order transition with inverted xy
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syr7nmetry for the case n =2 in agreement with Ton-
er.

_ (2) Ky= 0. In this case, the d —2 components of
A, are critical. The model then becomes exactly
equivalent to the direct de Gennes model studied in
Ref. 17. There is an anisotropic fixed point for
n>238.2. .

(3) K3= . All components of A are critical and
the model is equivalent to the n-component super-
conductor studied in Ref. 12 and 17. Thus there are
inverted superconducting fixed points for n > 365.9.
There is also a fixed point for K, =« which we will
not consider in detail.

The recursion relation for K, for the Hamiltonian
(4.5) is

dK1 l VH
— = |e+

= le+—-L_3
dl v

K, (4.8)

to all orders in perturbation theory. This differs
from the equation

dK,
dl

il
+1~;— ]Kl (4.9)
1

for K, in the original de Gennes model. This is be-
cause K; in the dual model is an elastic constant
only in three dimensions when the two equations
agree. In both models, recursion relations imply
that v, /v, —1 can be at most of order € at any fixed
point. Thus for the dual soft-spin models con-
sidered here, only the K=o and K;=0 fixed
points can be studied. We conclude, therefore, that
within the € expansion for the soft-spin models, the
flow along the K line is again that shown in Fig.
1(a) and that there is no evidence for the Nelson-
Toner fixed point.
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APPENDIX

In this appendix, we will derive the dislocation
Hamiltonian discussed in Sec. III. We will then out-
line the derivation of the soft-spin Hamiltonian used
in Sec. IV.

We begin by seeking the minimum energy config-
urations of F, Eq. (2.11). We find

g—f::BV-(Vu—Sﬁ'bO, (A1)
%:K,.janj~3(v,.u —bn,)=0, (A2)
where
K= _(KIV%+K3V%)e2i92j
—(K,V54+K;3 Ve ey - (A3)

If there are dislocations present, then Vu=v will
have a singular part satisfying Eq. (3.4), and we can
write

V(@) =19Xm 4 igh(g) (A4)
q

where h(q) is a function to be determined. Using
Eq. (A1), we obtain

¢*h(§)=—ig-8% , (A5)
so that
vt g 50 (A6)
q q
Using this equation in Eq. (A2), we find
[(Kiq5+K3q1)+Bqi/q*1n, =iB _9@ ’
q 2
(A7)
qXxm

[(K2q3+K3q1)+B]ony=—B |5
q

Finally, expressing all quantities in terms of g Xm
in Eq. (2.11), and using (dXxm),=¢,-m and
(q X m);=7¢,-m, we obtain Egs. (3.5)—(3.7).

An alternate way to do this calculation would
have been to change gauges via u—u+L and
A=8fi+VL. Then choosing the London gauge
V-A =0, the calculations would have proceeded-ex-
actly as the usual ones for the vortex energy of a su-
perconductor.’’ The energy for our system of in-
teracting dislocation loops is

_1o d
E=3 (2m)?

3

[ (Uy(d)+2E.5;)

where Uj;(q) is defined in Eq. (3.7), and E,
represents the core energy arising from variations
within & of the core. Placing the dislocation cores
on lattice sites X, the partition function we wish to
evaluate is

Z= 3 8(A-m(X)ePE, (A9)

— =

m(x)

where A-f is the divergence of i on a lattice. Fol-
lowing Peskin'! and Toner,’ it is straightforward to
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convert Z into a Villain form. We obtain

z= fHdK(i)ffﬂ—L—dzf) =

(X)

where
d 2
1,2 d 1
H=tr?t [ ZL L
42 f(zmd B ' K.q3/q}+K;

In Eq. (A10), A(X) is a vector field at site ¥ and
S(X) is a vector field with integer-valued com-
ponents S;(X), i=1,2,3. Equation (A10) is very
similar to the partition function derived by Toner.
We note two differences between Eq. (10) and
Toner’s expression. qurst, in our formulation, the
only constraint on A is that it be divergenceless,
whereas Toner requires A; =0 as well. This is be-

8(A-A(X))exp[ — # 4 (A(X))]exp

e+

1 — — —
- AA—Ap+278| ||,
4BE. %I oA—Ad+27S |
(A10)
2
9 1 "y
+ eie)
B Kqi/g*+Ksal/gt | ’]
(A1D)

r

cause all of the energy of screw dislocations is con-
tained in E, in Toner’s model and a Hubbard-
Stratonovitch transformation for those components
of m corresponds to screw dislocations is not neces-
sary. Second, our expression for #°, has well-
defined limits for K,;, K,, or K;— «, whereas
Toner’s does not.
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