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Resistivity determination from small crystallites
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We determine the resistivity of small micrometer-sized conductors with arbitrary shapes. It is shown that
with n terminals attached to the sample, there aren(n21)/2 independentmeasurements of the resistance that
can be made; from which the sample resistivity and the contact resistances can be extracted. An image of the
sample is digitized and a finite element analysis is used to determine the geometrical factors that arise from the
nonuniform current flow and hence control the resistance measurements. It is shown that all the elements of the
resistance matrix for the sample are generated from the diagonal elements alone for an Ohmic sample, which
provide a useful check of the experimental resistance measurements. To illustrate this approach, micrometer-
sized diamond crystallites with four terminals were used, and the sample resistivity and the contact resistances
extracted. This technique is a practical example of an inverse problem.@S0163-1829~98!02211-5#
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I. INTRODUCTION

The determination of the resistivity of a regularly shap
macroscopic sample is usually straightforward, both in pr
ciple and in practice. For a suitable choice of the sam
geometry there is a region where the current flow is unifo
and, if the voltage is sampled across this region the meas
ments are independent of the contact resistances@a so-called
four-terminal measurement# and the resistivity is easily ob
tained. An example of this is a rectangular bar with curr
contacts near both ends and voltage probes near the cen
the bar. However, this approach is not possible for ma
samples for which regular shapes are difficult to obtain
fabricate, but which may nevertheless be of considerable
terest. As an example, consider a single crystal of an ele
cally isotropic material from which it is desired to determi
the absolute value of its resistivity as well as its temperat
dependence.

This technique should be regarded as amaterial proper-
ties inverse problemfollowing Kubo’s classification.1 The
term inverse problemcan be defined simply as the determ
nation of thecausesfrom the results. It is opposite to the
direct problemthat determines theresultsfrom givencauses.
Let f be a field variable representing a physical state of
system, which is a response to an applied forcef . Then a
governing equation can be written as

L~k!f5 f , ~1!

whereL(k) is an operator andk denotes material propertie
of the system. The inverse problem is, given the responsf
and the applied forcef , to determine any missing informa
tion involving geometry, operator form, boundary cond
tions, and material properties in Eq.~1!.

In this paper we present a new method to determine
resistivity of any arbitrarily shaped three-dimensional obj
that is knowna priori to have isotropic electrical propertie
In this problem, the applied force of Eq.~1! is the current
570163-1829/98/57~11!/6697~9!/$15.00
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and the response is the potential. We know the form of
operatorL and the material property we wish to determine
the resistivity. Specifically, theI -V characteristics of the
crystallite can be viewed asresultsand we identify the resis-
tivity and contact resistances ascauses. In the process of
accomplishing this, we also show howall the individual con-
tact resistances can be found as a byproduct of our anal
We demonstrate this technique by measurements
micrometer-sized single crystals of doped, semiconduc
diamond.2

The diamond crystallites in this study were grown by
chemical vapor deposition~CVD! technique on a silicon sub
strate. Au/Ti contact pads were attached to the samples
gold leads for the current and voltage probes were attac
to the pads. The details of the experimental technique
described in Ref. 2. An electron micrograph of one of t
two samples analyzed in this paper is shown in Fig. 1. It i
well-faceted, single crystal of micrometer-sized diamon
Since the current flow pattern is complicated in such an
bitrarily shaped sample, it is not possible to extract t
sample resistivity in any simple way. It is the resistivit
which is a material property and hence independent of
sample shape, that is of the most interest in characteriz
the sample. Although there is a well-known four-pro
method to determine the resistivity, as first suggested by
der Pauw,3 it is only valid for a quasi-two-dimensiona
sample and there is also a restriction that the contacts
points on the sample perimeter.4

In the next section we discuss some general constraint
the resistance measurements. In Sec. III we describe ho
set up a finite element representation of the sample and u
to determine the sample resistivity from resistance meas
ments. In Sec. IV we apply this method to data taken on t
samples and discuss the results. In Sec. V we summarize
results and the application of the method.

II. RESISTANCE TABLE AND RECIPROCITY THEOREM

A sample withn terminals attached can be described
an equivalent electrical circuit ofnC2 resistors connecting
6697 © 1998 The American Physical Society



g

n

:
e

nt
e
th

n
th

ll t

e
row,
-
the

s of
ted

d

o
plete
elf-
in-
nts
of
en-

ur

the
we

ntire
Eq.
nt

a

o
st
n

he
re-
are

6698 57HYUN, THORPE, JAEGER, GOLDING, AND DAY
each pair of terminals. Measurements are done by injectin
currentI lm in at terminall and out at terminalm, and then
measuring a potential differenceVi j across terminalsi and j .
We can define a~signed! resistanceRlm

i j 5Vi j /I lm , which
reduces to the standard definition of resistance wheni , j
5 l ,m. This set of measurements forms anC2 by nC2 resis-
tance matrix of all possible pairs of current terminals a
voltage terminals but there are onlynC2 independent ele-
ments in this matrix because of the following constraints

~1! For an Ohmic sample, the matrix is symmetric und
exchange of current and voltage terminals, i.e.,

Rlm
i j 5

Vi j

I lm
5Ri j

lm5
Vlm

I i j
, ~2!

whereVi j is the voltage between the leadsi , j , andI lm is the
current between the leadsl , m. This is a reciprocity
theorem,5,6 which is proved in the Appendix for the prese
geometry. ~2! Along any row of the resistance matrix th
current is a constant, and the voltage is a scalar potential,
satisfies

Vi j 5Vik1Vk j . ~3!

Thus, the resistance elements have the additive property

Rlm
i j 5Rlm

ik 1Rlm
k j . ~4!

Using these two rules we can show that there are o
nC2 independent elements in the resistance matrix by
following construction:

Consider then21 elements (R12
1i ,i 52, . . . ,n) in the first

row of the resistance matrix. These terms can generate a
other elements in this row using the addition rule,

FIG. 1. Micrometer-sized diamond crystallite grown by
chemical vapor deposition technique. Diamond crystallite~sample
2! with contact pads prior to lithographic lead attachment. Four
the five pads were used for the measurement, with the furthe
the left having no lead attached. This pad was at a constant pote
that was determined by the finite element code.
a
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R12
i j 5R12

1 j2R12
1i , ~5!

where i , j 52, . . .n. Note that changing the order of th
indices changes the sign of the resistance. In the second
only n22 elements ofR13

l i ( i 53, . . .n) are needed to con
struct the remaining elements in that row because, by
reciprocity theorem,R13

125R12
13 andR12

13 was given in the first
row. Continuing in this manner we needn21 terms in the
first row, n22 terms in the second row etc., for a total of

~n21!1~n22!1•••12115
n~n21!

2
5nC2 ~6!

independent elements. There are many possible choice
the nC2 independent elements, but they cannot be selec
arbitrarily. Surprisingly, thenC2 diagonal elements~the set
of 2 terminal elements! also form an independent set, relate
to the off diagonal elements by

Ri j
lm5

Rjl
j l 1Rim

im2Rjm
jm2Ril

il

2
. ~7!

This relation ~7! means that a knowledge of only the tw
terminal measurements can be used to generate the com
resistance matrix, which can be used as a useful s
consistency check on the experimental results. It is also
teresting to note that the set of four terminal measureme
are not all independent. Table I shows how the number
elements in the resistance matrix and the number of indep
dent elements depend on the number of terminals.

As an example, consider the case forn54 terminals
shown in Fig. 2. There are six ways to select two of fo
terminals and so there is a 636 resistance matrix with six
independent elements. The six diagonal elements form
most important set of independent elements from which
can use Eq.~7! to obtain the three off-diagonal terms,R12

13,
R12

14, R13
14, as shown in Table II. The 333 upper diagonal

block @shown inside the bold line in Table II# is an alterna-
tive independent set that can be used to construct the e
matrix using the procedure outlined above. Note that by
~7!, only two of the four terminal elements are independe
with

f
to
tial

TABLE I. Showing the number of independent elements in t
resistance table. We need at least four terminals to extract the
sistivity r and the contact resistances because otherwise there
more unknowns than independent terms.

Number of
terminal

Dimension of
resistance

table

Elements
in resistance

table

Number of
independent

elements

Unknowns
~r, contact
resistances!

2 1 1 1 3
3 3 9 3 4
4 6 36 6 5
5 10 100 10 6
6 15 225 15 7

n nC25
n~n21!

2
@nC2#2 nC25

n~n21!

2
n11
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57 6699RESISTIVITY DETERMINATION FROM SMALL CRYSTALLITES
R13
245R14

231R12
34. ~8!

As a result, a set of six terms including three four-termin
measurementscannotbe used to reconstruct the whole res
tance table.

It is important to note that the above analysis is only tr
for samples where theI -V curve is independent of the cu
rent direction~otherwise the reciprocity theorem fails!. Some
of the experimental data analyzed in Sec. IV has non-Oh
characteristics, and so the resistance matrix has more tha
independent elements. The necessary modifications to
above analysis are model dependent, and will be discu
for the specific situation of the experiment.

III. COMPUTER SIMULATION

We formed a three dimensional computer model of
small crystal from scanning electron microscope~SEM! pic-
tures taken along several different orientations.2 An inverse
ray tracing technique was used to reconstruct the th
dimensional object from a set of two-dimensional pictur
Ray tracing is a computer process used to create a
dimensional representation of a three-dimensional objec
tracing the path of the ray of light between the light sour
objects, and an observer.7 We apply this technique inreverse
to construct a three-dimensional image from the tw
dimensional SEM pictures.

The algorithm treats the crystal as an irregular polyhed
and attempts to assign coordinates to the vertices in a
that is consistent with the SEM images. From each picture
the crystal we can measure theprojectedlength of an edge of
the diamond crystal, and compare it with the projected len

FIG. 2. Equivalent circuit for a sample with four terminals. Th
number of resistors isnC2 for a sample withn contacts.
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calculated from the assumed vertex coordinates. The ve
coordinates are adjusted to try to minimize

x l
25(

i
F l i2 l i

SEM

s i
l G2

, ~9!

wherel i is a calculated projected length,l i
SEM is the projected

length from the SEM ands i is an estimate of the experimen
tal error in measuringl i

SEM. The sum is over all edges visibl
in each picture, and over all pictures. The positions of
contact pads are determined by including the coordinate
the corners of the contact pads, and the lengths from
corners to some of the crystal vertices. Taking pictures fr
enough different orientations to ensure that every edge
visible in at least two images was adequate to ensure tha
could construct a representation of the sample that matc
the SEM images very well. Because we knew that the sam
was a single crystal we added some additional constraint
the minimization process. Specifically, we required the fac
to be planar, and the facet angles to conform to the kno
facet angles of the diamond structure, e.g., 70.5° or 109
between~111! facets. The flatness constraint was achiev
by adding tox2 the term

xp
25(

i
(

j
Fci•~r i j 2ci !

s i
p G2

, ~10!

wherer i j denotesj th vertex coordinate in thei th facet andci
is a constant vector that is normal to thei th plane. The facet
angles are constrained by adding tox2 a term

x f
25(

i
Fu i2u i

theory

s i
f G2

, ~11!

where the facet anglesu i
theory are those appropriate for a dia

mond structure. The sum is over pairs of facets. Thes i
p , s i

f

in Eqs. ~10! and ~11! are standard deviations denoting th
weighting factors for each constraint. Although it is arbitra
how these factors are assigned they should be larger tha
standard deviation associated with the edge lengthsl i be-
cause these lengths could be determined very easily an
rectly from the SEM photographs.

The totalx2, the sum of the three quantities in Eqs.~9!–
~11!,

x25x l
21xp

21x f
2, ~12!
d box
TABLE II. A resistance table can be generated from the six terms in the triangular matrix in the bol
by using Eq.~5! and the reciprocity theorm.
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FIG. 3. ~Color.! Meshes were generated byANSYS 6.1 and the equipotential lines given by the finite element simulations usingABAQUS

5.5 are shown on the surface of the sample 2. Current flows from the red pad~high potential! to the blue pad~low potential!, as shown by
the color scheme.
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is minimized by adjusting the vertex coordinates using
standard nonlinear minimization routine.8 The final coordi-
nates associated with the minimizedx2 were used as the
input for the current flow analysis, which was done using
finite element method~FEM!. Figure 3 shows a view of the
computer model of the second sample, which can be c
pared with the SEM image in Fig. 1.

There are three main procedures in the FEM, a prepro
sor to generate meshes and set up the initial conditions
analysis to solve the problem, and a postprocessor to dis
the results. All FEM tasks in this problem were performed
the commercial packagesANSYS ~Ref. 9! andABAQUS.10 AN-

SYS was used for a preprocessor and the other proce
~numerical analysis and postprocessor! were done by
a

e

-

s-
an
ay
y

es

ABAQUS. From this analysis, a resistance table was obtai
by selecting all possible combinations of voltage and curr
measurements. The contact pads were treated as equip
tials, because of their high conductivity relative to the co
ductivity of the sample, and the bulk material was assigne
unit resistivity. This leads to a set ofgeometrical factorsG i j

lm

~with dimensions of inverse length! for the sample. In the
absence of any contact resistances theG i j

lm are related to the
resistances defined in Sec. II by a simple linear relation,

Ri j
lm5rG i j

lm , ~13!

because the resistivityr of a single crystal of diamond is
isotropic by the crystal symmetry. These geometrical fact
r
acts.
TABLE III. Resistance table with contact resistancesr i ,r 18 for current flow in, out of the sample. Anothe
table for reverse current flows is necessary to extract all the contact resistances for non-Ohmic cont

R V12 V13 V14 V23 V24 V34

I 12 R12
121r 11r 28 R12

131r 1 R12
141r 1 R12

232r 28 R12
242r 28 R12

34

I 13 R13
121r 1 R13

131r 11r 38 R13
141r 1 R13

231r 38 R13
24 R13

342r 38

I 14 R14
121r 1 R14

131r 1 R14
141r 11r 48 R14

23 R14
241r 48 R14

341r 48

I 23 R23
122r 2 R23

131r 38 R23
14 R23

231r 21r 38 R23
241r 2 R23

342r 38

I 24 R24
122r 2 R24

13 R24
141r 48 R24

231r 2 R24
241r 21r 48 R24

341r 48

I 34 R34
12 R34

132r 3 R34
141r 48 R34

232r 3 R34
241r 48 R34

341r 31r 48
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TABLE IV. The resistance table obtained from an average of Table III and a similar table with all
the current and voltage leads reversed.

R̄ V12 V13 V14 V23 V24 V34

I 12 R12
121 r̄ 11 r̄ 2 R12

131 r̄ 1 R12
141 r̄ 1 R12

232 r̄ 2 R12
242 r̄ 2 R12

34

I 13 R13
121 r̄ 1 R13

131 r̄ 11 r̄ 3 R13
141 r̄ 1 R13

231 r̄ 3 R13
24 R13

342 r̄ 3

I 14 R14
121 r̄ 1 R14

131 r̄ 1 R14
141 r̄ 11 r̄ 4 R14

23 R14
241 r̄ 4 R14

341 r̄ 4

I 23 R23
122 r̄ 2 R23

131 r̄ 3 R23
14 R23

231 r̄ 21 r̄ 3 R23
241 r̄ 2 R23

342 r̄ 3

I 24 R24
122 r̄ 2 R24

13 R24
141 r̄ 4 R24

231 r̄ 2 R24
241 r̄ 21 r̄ 4 R24

341 r̄ 4

I 34 R34
12 R34

132 r̄ 3 R34
141 r̄ 4 R34

232 r̄ 3 R34
241 r̄ 4 R34

341 r̄ 31 r̄ 4
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represent the effects of the nonuniform current flow acr
the arbitrarily shaped sample. In the absence of contac
sistances the experiment measures the resistancesRi j

lm and
with the computedG i j

lm we can determiner.
The measured resistances do include the effect of con

resistances so Eq.~13! must be modified. We assume the
contact resistances can be addedin seriesto the sample re-
sistance because the contact area is assumed to be an
potential due to the high conductivity of the Au/Ti conta
pads. This leads to

Ri j
lm5rG i j

lm1r i~d i l 2d im!1r j~d jm2d j l !. ~14!

wherer i is the Ohmic contact resistance of terminali . How-
ever, contact resistances are generally non-Ohmic, whic
indicated by nonsymmetric three-terminal elements in
observed resistance table. We assume that the sample its
Ohmic, which is justified if the four-terminal elements a
symmetric. Since theI -V characteristics are nonlinear an
not symmetric for non-Ohmic behavior of the contacts, ea
contact has two independent resistances for the two diffe
current directions@i.e., current reversal with the magnitud
of the current held constant#. To investigate such non-Ohmi
I -V characteristics of a contact, we used two fitting para
etersr i ,r i8 corresponding to the two contact resistances
constant current flow. Ifr i is a contact resistance when
current is flowinginto the sample andr i8 is for a current
flowing out of the sample, then Eq.~14! is modified to be-
come

Ri j
lm5rG i j

lm1r i~d i l 2d im!1r j8~d jm2d j l !

5rG i j
lm1 r̄ i~d i l 2d im!1 r̄ j~d jm2d j l !

1Dr i~d i l 2d im!2Dr j~d jm2d j l !, ~15!

where
s
e-

ct

qui-

is
e
lf is

h
nt

-
r

r̄ i5
1
2 ~r i1r i8! ~16!

and

Dr i5
1
2 ~r i2r i8!, ~17!

which we refer to as the Ohmic and the non-Ohmic parts
the contact resistances, respectively.

Table III is a modified resistance table for a four-termin
problem showing each element in terms of the sample re
tivity r, the geometric factorsG i j

lm for the sample resistance
Ri j

lm in Eq. ~13!, and six of the eight contact resistances~r 1 ,
r 2 , r 28 , r 3 , r 38 , r 48!.

11

A similar resistance table with both current and volta
leads reversed enables us to construct a resistance
R̄i j

lm5 1
2 (Ri j

lm1Rji
ml), which is shown in Table IV, and the

DRi j
lm5 1

2 (Ri j
lm2Rji

ml), shown in Table V. Throughout this
paper we assume that the sample~but not the contacts! are
Ohmic. Therefore we haveR̄i j

lm5Ri j
lm5Rji

ml and DRi j
lm50.

Note that the resistance Table IV displays all the symmet
of the analysis in Sec. II, and, in particular, only the s
diagonal~two-terminal! elements are needed to generate
entire table. For the non-Ohmic resistance table, the six
agonal elements only determine the off-diagonal elements
to an arbitrary constant. To determine all theDr i it is neces-
sary to have at least one of the three-terminal elements.
this model, the non-Ohmic resistance table is independen
the resistivity, because we have assumed that the mat
itself is Ohmic.

Because the geometric factors are known from the F
we can, in principle, obtain the resistivity and the conta
resistances by doing a least-squares fit for the expression
Tables III–V and the measured resistance; i.e., we minim
a x2 defined by
nd a
TABLE V. The non-Ohmic resistance table obtained from one half the difference of Table III a
similar table with all the current and voltage leads reversed.

DR V12 V13 V14 V23 V24 V34

I 12 Dr 12Dr 2 Dr 1 Dr 1 Dr 2 Dr 2 0
I 13 Dr 1 Dr 12Dr 3 Dr 1 2Dr 3 0 Dr 3

I 14 Dr 1 Dr 1 Dr 12Dr 4 0 2Dr 4 2Dr 4

I 23 2Dr 2 2Dr 3 0 Dr 22Dr 3 Dr 2 Dr 3

I 24 2Dr 2 0 2Dr 4 Dr 2 Dr 22Dr 4 2Dr 4

I 34 0 2Dr 3 2Dr 4 2Dr 3 2Dr 4 Dr 32Dr 4
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TABLE VI. Resistances obtained from the experimental measurement for sample 1~in kV!. Diagonal
terms in boldface denote two-terminal measurements and the underlined values are four-terminal m
ments.

R V12 V13 V14 V23 V24 V34

I 12 720.0 560.0 508.0 2176.0 2231.8 255.5
I 13 568.7 1039.0 534.5 497.3 234.7 2531.1
I 14 518.4 540.2 986.0 20.2 500.0 476.9
I 23 2174.5 498.7 20.7 665.0 195.1 2477.7
I 24 2230.6 235.2 498.5 195.4 718.0 531.0
I 34 255.7 2534.2 473.7 2477.6 529.2 999.0

TABLE VII. Geometrical factors from the finite element method for sample 1~in mm21!. Diagonal terms
in boldface denote two-terminal measurements and the underlined values are four-terminal measure

G V12 V13 V14 V23 V24 V34

I 12 1.6609 0.9635 0.7955 20.6974 20.8653 0.1679
I 13 0.9634 1.9550 0.9568 0.9916 20.006647 20.9982
I 14 0.7957 0.9569 1.5608 0.1612 0.7651 0.6039
I 23 20.6973 0.9916 0.1613 1.6889 0.8586 20.8303
I 24 20.8652 20.006684 0.7651 0.8585 1.6303 0.7718
I 34 20.1679 20.9982 0.6038 20.8303 0.7717 1.6021

TABLE VIII. Resistivity and contact resistances for sample 1,assumingthat all the contact resistance
were Ohmic. ~a! The resistivity was fitted by six four-terminal measurements and contacts were give
whole elements. ~b! All parameters were fitted by six diagonal terms.~c! With the resistivity from four-
terminal measurements, contacts were fitted by diagonal terms.~d! All parameters were given by whole
elements.

r ~V cm! r 1 ~kV! r 2 ~kV! r 3 ~kV! r 4 ~kV!

~a! 23.72 316.3 6.1 276.2 329.0
~b! 22.50 314.0 15.0 285.0 336.0
~c! 23.72 303.3 5.6 274.0 329.0
~d! 23.58 317.6 7.3 277.5 330.0

TABLE IX. Resistances obtained from the experimental measurement for sample 2~in kV!. All mea-
surement were done at constant current~100 nA! at room temperature (T520 °C). The values in parenthes
in the diagonal terms are measured for a reversed current flow. The different magnitudes in the
measurements show the non-Ohmic behavior of the contacts. Diagonal terms in boldface denote two-
measurements and the underlined values are four-terminal measurements.

R V12 V13 V14 V23 V24 V34

I 12 875 „875… 386 369 2432.3 2451 218.1
I 13 392 3771 „4878… 587 3240 203 23032
I 14 369.5 389 1591 „1591… 212 1114 917
I 23 2450 3255 221 3774 „4936… 663 23026
I 24 2471 192 1126 654 1705 „1705… 943
I 34 220.1 24207 918.9 24190 935 5236 „4098…
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TABLE X. Geometrical factors from the finite element method for sample 2~in mm21!. Diagonal terms
in boldface denote two-terminal measurements and the underlined values are four-terminal measure

G V12 V13 V14 V23 V24 V34

I 12 1.0825 0.6336 0.6049 20.4489 20.4777 20.02869
I 13 0.6336 1.4178 0.9440 0.7843 0.3104 20.4737
I 14 0.6049 0.9440 1.4112 0.3391 0.8064 0.4671
I 23 20.4489 0.7842 0.3391 1.2332 0.7880 20.4450
I 24 20.4776 0.3104 0.8064 0.7880 1.2840 0.4958
I 34 20.02869 20.4738 0.4673 20.4452 0.4960 0.9407
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FRi
e2Ri

t~r,r !

s i
G2

, ~18!

where Ri
e are the experimental measurements andRi

t(r,r )
are the theoretical resistances defined by Eq.~15! as a func-
tion of the resistivityr and contact resistancesr . The sum is
over the elements of the resistance matrix used for fitting
s i is a standard deviation of each experimental meas
ment, which includes both errors in the resistance meas
ments, and errors in the geometric factors caused by the
rors in the computer model of the crystallite, and the FE
In practice, the least-squares fit is best done separately
the Ohmic and the non-Ohmic parts~Tables IV and V!. The
practical details of this fitting will be discussed in the ne
section, when it is applied to our two samples.

IV. RESULTS

As an illustration of this technique, we used two diamo
crystallites with four terminals.~see Fig. 1! A resistance ma-
trix for sample 1~Table VI! was completed by making all 3
resistance measurements. A 636 matrix of geometrical fac-
tors is obtained by using the FEM and shown in Table V
Within the experimental error, Table VI is symmetric, whic
indicates thatr 2 andr 3 are Ohmic. If the contact resistance
are Ohmic, we can determine the resistivityr and the four
contact resistances (r i5r i85 r̄ i ,i 51,4). As a check of the
validity of applying the analysis of Sec. II, we first calculat
the resistivity from the four-terminal measurements~where
Ri j

lm5rG i j
lm! with a linear fit through all six data points an

the origin. We then used thisr to determine the contac
resistances from the three-terminal measurements~each of
which involves only one contact resistance! and then aver-
aged the results. The results are shown in row~a! of Table
d
e-
e-

er-
.
for

t

.

VIII. We then used Eq.~14! to do a least-squares fit for fiv
parameters to the six two-terminal measurements. The
sults are shown in row~b! of Table VIII. In row ~c! of Table
VIII, the resistivity was fitted by four-terminal measuremen
as in~a!, and four contact resistances were obtained from
diagonal terms by a least-squares fit. Finally, we fitted fi
parameters with all 36 elements of the resistance matrix,
results of which are shown in row~d! of Table VIII. It is
clear that all four methods give essentially the same resu
Note that one of the contacts has a very small resista
compared to the others.

The measured resistance matrix for sample 2~as shown in
Fig. 1! is given in Table IX. Using Table III, it is clear from
the asymmetries that contact resistance 3 was very n
Ohmic, and that contact resistance 2 has a small non-Oh
part. As discussed in the previous section, a second se
measurements should be taken, with the current and vol
probes reversed. This was only done for the six diago
~two-terminal! elements before the leads were damag
Nevertheless, this is a sufficient set of data to determine
resistivity and all the contact resistances. The reversed
rent measurements are shown in parentheses in the tab

The geometrical factors for sample 2 are given in Ta
X. We processed the data for sample 2 in four distinct wa
to test the accuracy of the fitting procedure. In the fi
method we first calculated the resistivity from the fou
terminal measurements and with thisr determined six of the
eight contact resistances from the three-terminal meas
ments, and the remaining two contact resistances~r 18 andr 4!
from the diagonal elements with the currents reversed. Th
results are shown in row~a! of Table XI. In the second
method we did a least-squares fit to obtain the resistivity
the Ohmic part of the contact resistances~r̄ i , i 51,4!, from
the six diagonal elements ofR̄i j

lm . From the six diagonal
elements ofDRi j

lm , and the three-terminal elements of th
ot real
TABLE XI. Resistivity and contact resistances for sample 2. The small negative resistances are n
and result from the small resistance of pad 1 compared to the other three pads.~a! The resistivity was fitted
by four-terminal measurements and contacts were given by whole elements.~b! The resistivity andr̄ i were
given byR̄i j

lm . And Dr i were fitted byDRi j
lm with Dr 2 given by three-terminal terms in Table IX.~c! Using

the resistivity given by four-terminal measurements,r̄ i were obtained byR̄i j
lm , and Dr i are same with

~b!. ~d! All of parameters were fitted by using all the elements.

r ~V cm! r̄ 1 ,Dr 1 ~kV! r̄ 2 ,Dr 2 ~kV! r̄ 3 ,Dr 3 ~kV! r̄ 4 ,Dr 4 ~kV!

~a! 62.68 23.0,27.0 162.6,10.7 3379.6,600.7 675.5,51.3
~b! 69.08 226.8,11.6 152.9,4.72 3361.7,575.9 654.4,7.7
~c! 62.68 19.8,11.6 189.5,4.72 3398.1,575.9 692.2,7.7
~d! 60.78 9.3,27.5 173.1,12.5 3390.5,600.9 687.0,52.0
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original resistance matrix that involve bothr 2 and r 28 , i.e.,
the elements (R12

23,R12
24, R23

12,R24
12), we were able to fit the

non-Ohmic part of the four contact resistances (Dr i ,i 51,4!.
The results are shown in row~b! of Table XI. There is rather
good agreement between the two methods, with only a 1
difference in the resistivity. This agreement obtains in sp
of the very large and non-Ohmic contact resistancer 3 ,
which dominates the least-squares fitting procedure for
diagonal elements. In general, it is probably best to de
mine the resistivity from the four-terminal measuremen
and so as a final check we used the value ofr determined
from the four-terminal measurements, and did a least-squ
fit to obtain the Ohmic part of the contact resistances~r̄ i , i
51,4!, from the six diagonal elements ofR̄i j

lm . The non-
Ohmic parts of the contact resistance are unchanged by
alternative method of determining the resistivity. These
sults are shown in row~c! of Table XI. Finally the row~d! of
Table XI was given by fitting all parameters by using t
whole table.

In this analysis, we noticed that there are some possi
ties of error in modeling and fitting as well as experimen
measurements. First of all, we suspect the effective con
area in the sample is less than that apparent in the S
photographs. Some part of the contact might not form go
electrical contact with the sample, and hence decreases
real contact area. The sensitivity of diagonal and fo
terminal terms has been tested by calculating the resist
changes by shrinking the area of all the contacts by 1/3.
two-terminal measurements varies by, 30–40 % but the fo
terminal ones were changed by less than 10%. The resist
fitted by four-terminal elements turned out more stable th
the contact resistances included in two-terminal terms un
this change of the contact geometry. Hence the resisti
should be fitted from the four-terminal resistance measu
ments which are contact-independentresistances and th
contacts are then obtained subsequently by fitting the wh
resistance table. We note that a fine meshing is necessar
reliable results for the geometrical factors for the tw
terminal measurements, but a coarser meshing is sufficie
get reliable geometric factors for the four-terminal measu
ments. And we could get better results by doing the meas
ments on many different samples that have the same r
tivity and with many contacts that give more terms f
consistency checks.

Throughout our theoretical treatment, even though
have taken into account the spatial distribution of curre
within the sample, there has been no attempt to conside
charge redistribution at surfaces and interfaces, for exam
due to band bending. Contact resistances, in particular,
depend on local electric fields which, in turn, will depend
details of the semiconductor-metal interface. In retrospec
is somewhat surprising that a model invoking local cont
resistances should work so well, with contact pad dimensi
and separations approaching a space charge depth. I
scale of the experiments were to shrink further, these con
erations will need to be treated with more rigor.

V. CONCLUSIONS

A method to measure the resistivity and contact re
tances of arbitrarily shaped single crystals has been in
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duced and demonstrated on micrometer-sized diamond c
tallites. The method is quite general, provided that
material of the sample is homogeneous and Ohmic, w
contacts that can be non-Ohmic, but should be equipoten
surfaces. The sample resistivity and contact resistances
obtained experimentally using four-probe measureme
aided by finite element calculations. This technique can
applied to determine the sample resistivity using any sh
of sample. It is possible to determine sample resistivity a
the Ohmic part of the contact resistances solely from the
of two-terminal measurements, with currents in both dire
tions, but it is probably best to use the four-terminal me
surements to determine the resistivity, and the most accu
results will be obtained from a complete set of resistan
measurements with currents in both directions.
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APPENDIX: RECIPROCITY THEOREM

A sample can be represented by an equivalent circui
resistors as shown in Fig. 2. We use Kirchhoff’s laws
prove the reciprocity theorem using this equivalent circu
There ared-independent current loops of three resistors
the sample

d5r 2~n21!5r 2n11, ~A1!

wherer 5nC2 is a number of resistors andn is a number of
vertices. Because there arer unknown currents,i 1 ,i 2 ,...i r
on each resistor, we haven21 constraints for currents a
each vertex by Kirchhoff’s first law of current conservatio
Although there aren vertices for constraints, the two con
straints on vertices that the external current flows in and
are really a single constraint. Sincer is equal to n(n
21)/2, the number of independent loops in the circuit
given by

d5
n~n21!

2
2~n21!5

~n21!~n22!

2
, ~A2!

which is one for three leads, three for four leads, six for fi
leads, and so on. We also have one more loop by the exte
currenti 0 as well asd loops in the sample. We need to set u
d11 current loops for Kirchhoff’s laws, which gived11
current equations. There is one condition in setting up th
loops that each resistor should be included in at least
current loop. To prove the reciprocity theorem, a resistorRpq
is selected for external current flow andRmn for voltage mea-
surement. A voltageV is applied acrossRpq and the current
i 0 flows in. SupposeRmn is shared bym current loops
( i j 11 ,...,i j 1m) and Rpq is shared by p current loops
( i k11 ,...,i k1p) and the external currenti 0 . Now we have
(d11) linear equations from Kirchhoff’s law
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1
Rpq 0 • 0 0 • 2Rpq 2Rpq • 0

0 M1,1 • • • • • • • •

• • • • • • • • • •

0 • • M j 11,j 11 • • • • • •

0 • • • M j 1m, j 1m • M j 1m,k11 • • •

• • • • • • • • • •

2Rpq • • • Mk11,j 1m • Mk11,k11 • • •

2Rpq • • • • • • Mk1p,k1p • •

• • • • • • • • • •

0 • • • • • • • • Md,d

2 1
i 0

i 1

•

i j 11

i j 1m

•

i k11

i k1p

•

i d

2 51
V
0
•

0
0
•

0
0
•

0

2 ~A3!
s

t,

th
e

re

-

a

re
whereM0,0 is Rpq and p terms (M0,k11 ,...,M0,k1p) in the
0th column are2Rpq . In Eq. ~A3!, Mi , j is a matrix element
that represents a sum of resistors where the currenti j flows
in the i th loop. It is equal toM j ,i because those two term
represent the same resistors that are shared by thei th andj th
current loops. A solution fori j from Eq. ~A3! is given by

i j5V
D0,j

D
, ~A4!

whereD denotes the determinant of the matrix andD i , j is a
cofactor ofMi , j . Since the net current flow(a51

m i j 1a in Rmn

is given by the sum of all currents of loops pass through i
resistance defined by a voltage acrossm,n and a current
throughp,q is given by

Rpq
mn5

Vmn

i 0
5

Rmn(a51
m i j 1a

V
D0,0

D

5
Rmn(a51

m D0,j 1a

D0,0
. ~A5!

In Eq. ~A5!, D0,j 1a is equal to 2Rpq(a51
p D (0,k1b),0,j 1a

@D (0,k),(0,j ) , is the determinant of the matrix without the 0
andkth rows and the 0th andj th columns.# because there ar
,

S.
d

, J
a

p terms of2Rpq in the 0th column and the other terms a
zero except 0th elementRpq irrelevant in calculatingD0,j 1a .
From this relation, we have

Rpq
mn52

RmnRpq(b51
m (a51

p D~0,k1a!,~0,j 1b!

D0,0
. ~A6!

By switching the leadsp,q and m,n @it is equivalent to
changek1a, j 1b in this notation#, we have another resis
tanceRmn

pq defined by a voltageV applied acrossRmn instead
of Rpq and a voltage measured acrossRpq . Since
D (0,k1a),(0,j 1b) is equal toD (0,j 1b),(0,k1a) due to the symme-
try of the matrix, we have a symmetric relation by

Rmn
pq 52

RpqRmn(b51
m (a51

p D~0,j 1b!,~0,k1a!

D0,0
5Rpq

mn .

~A7!

This reciprocity theorem5 says that the resistance from
voltage acrossp,q and current throughm,n is equal to an-
other resistance from voltage acrossm,n and current through
p,q in an equivalent resistor electrical circuit, and therefo
in the sample.
.
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